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Abstract

New problem is studied that is to find nonlinear differential equations
with special solutions expressed via the Weierstrass function. Method
is discussed to construct nonlinear ordinary differential equations with
exact solutions. Main step of our method is the assumption that nonlinear
differential equations have exact solutions which are general solution of the
simplest integrable equation. We use the Weierstrass elliptic equation as
a building block to find a number of nonlinear differential equations with
exact solutions. Nonlinear differential equations of the second, third and
fourth order with special solutions expressed via the Weierstrass function
are given. Most of these equations are used at the description of nonlinear
waves in physics.
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1 Introduction

Last years we can observe a splash of papers with methods of finding exact
solutions of nonlinear differential equations [T} 2B, 4B 6L &, Q]. There are
two reasons to make the study of this direction. First there is a great interest
to the investigation of nonlinear processes. Secondly we have codes Maple,
Mathematica and other ones to have a lot of symbolical calculations.

It is well known that all nonlinear differential equations can be conditionally
divided into three types: exactly solvable, partially solvable and those that have
no exact solution.

Usually investigators solve two problems in the theory of nonlinear differen-
tial equations. First problem is to find nonlinear solvable differential equations
and to study their properties. The second problem is to search exact solutions
of nonlinear differential equations.



This paper is devoted to solution of new problem that is to find nonlinear
differential equations with special solutions. It is important to note that these
equations have exact solutions but they are not all integrable equations. Using
our approach we extend class of studied differential equations.

Consider nonlinear evolution equation

Er[u] = By (u, ugy gy ooy z,t) =0 (1.1)

Assume we need to have exact solutions of this equation. Usually we look
for exact solution of nonlinear evolution equation taking the travelling wave into
account and search exact solution of equation [II)) in the form

u(z, t) = y(z), z=ux—Cot (1.2)

As a result we have that the equation ([l) reduces to the nonlinear ordinary
differential equation (ODE)

Ebly] = B2 (y, Y2y 2) =0 (1.3)

To obtain exact solutions of equation ([[3)) one can apply different approaches
[0, 10, T2, [T3, (T4, [T5L [T6L 7). However one can note that the most methods that
are used to search exact solutions take the singular analysis into account for
solutions of the nonlinear differential equations.

Using the singular analysis first of all one can consider the leading members
of equation ([C3). After that one can find the singularity for solution of equation
([3). Further the truncated expansion is used to have the transformation to
search exact solutions of nonlinear ODEs. At this point one can use some
trial functions (hyperbolic and elliptic and so on) to look for exact solutions of
nonlinear ODEs.

However one can note that hyperbolic and elliptic functions are general so-
lutions of nonlinear exactly solvable equations. We have as a rule that partially
solvable nonlinear differential equations have exact solutions that are general
solutions of solvable equations of lesser order.

This paper is the extension of our recent work [I8] where we started the solu-
tion of the new problem that is to find nonlinear ordinary differential equations
of polynomial form which have special solutions expressed via general solution
of the Riccati equation.

Let us explain the idea of this work. It is well known there is the great
problem that is to find nonlinear integrable differential equations. It is very
important because we often want to have general solution of nonlinear ordinary
equations. However sometimes we can content ourselves with some special solu-
tions because a lot of differential equations are nonintegrable ones although they
are intensively used in physics and look as simple equations. It is important to
find some special solutions of these equations that are called exact solutions.
In this paper we want to find nonlinear differential equations that are not all
integrable but have special solutions in the form of the Weierstrass function.

The first aim of this work is to present the method to find nonlinear differen-
tial equations with exact solutions in the form of the Weierstrass function. The



second aim of this paper is to give nonlinear ordinary differential equations that
have exact solutions expressed via general solution of the Weierstrass elliptic
equation.

The outline of this paper is as follows. In section 2 we present the method
to find nonlinear ordinary differential equations (ODEs) with special solutions
expressed via the Weierstrass function. Nonlinear ODEs with exact solutions
of the first, second, third and fourth degree singularities are given in section 3,
4, 5 and 6. Example of nonlinear ODE with exact solution of the fifth degree
singularity that is popular at the description of the model chaos is considered
in section 7.

2 Method applied

Let us discuss the method that can be applied to find nonlinear differential
equations with exact solutions expressed via the Weierstrass function. One can
note that most nonlinear ordinary differential equations has exact solutions that
are general solutions of differential equations of lesser order. Much more than
that exact equations for the most nonlinear differential equations are determined
via general solution of the Riccati equation. This is so indeed because one can
note that the most approaches to search exact solutions of nonlinear ordinary
differential equations are based on general solution of the Riccati equation. The
application of the tanh method confirms this idea [I8[T920,2T]. We gave these
nonlinear differential equations in our recent work [22].

However one can note that a lot of nonlinear ODEs have exact solutions
that are general solutions of the Weierstrass elliptic function [T, 12} T4} 15,23].
In this connection in this paper we are going to find nonlinear ODEs with exact
solutions expressed via the Weierstrass function.

The Weierstrass elliptic equation can be presented in the form

PRl =R2—4R*+ goR+ g3 =0 (2.1)
We have the following simple theorem.

Theorem 2.1. Let R(z) be solution of equation 1)) than equations

R.. =6R? - %gg (2.2)
R... = 12RR, (2.3)
R.... = 120R® — 1892 R — 12g3 (2.4)
R..... = 360R’R, — 18¢2R, (2.5)

have special solutions expressed via general solution of equation (1)



Proof. Theorem 2.1 is proved by differentiation of ([ZII) with respect to z and
substitution R? from equation () and so on into expressions obtained.
O

It is well known that the general solution of equation (1) is the Weierstrass
function

R(z) = p(2, 92, 93) (2.6)

where go and g3 are arbitrary constants that are called invariants.

We want to find nonlinear ordinary differential equation which have special
solutions that are determined via general solution of the Weierstrass elliptic
equation.

Algorithm of our method can be presented by four steps. At the first step
we choose the singularity of special solution and give the form of this solution.
At the second step we take the order of nonlinear ordinary differential equation
what we want to search. The third step lies in the fact that we write the general
form of nonlinear differential equation taking the singularity of the solution into
account and the given order for nonlinear differential equation. The fourth step
contains calculations. As a result we find limitations for the parameters in order
for nonlinear differential equation has exact solutions. At this step we can have
nonlinear ODE with exact solutions.

3 Nonlinear ODEs with exact solutions of the
first degree singularity

Let us demonstrate our approach to find nonlinear ODEs with exact solutions
of the first degree singularity. These solutions can be presented in the form

y(z) = Ao + Al% (3.1)
Here R(z) is a solution of the Weierstrass elliptic equation, Ay and A; are
unknown constants. First of all we are going to find nonlinear second order
ODEs.
Second order ODFEs. General form of the second order ODEs can be pre-
sented as the following

Yoo + @19y + a2y® + boy. + biy* — Coy + C1 =0 (3.2)

Equation B2) was written taking singularity of solution [BI) into account
and the given order of nonlinear ODE what we want to have with exact solutions.
Let us assume A; = 1. Substituting y(z) from @) into FZ) and using



&) and 2) we have equation in the form
(2bo +12a2A0 + 4 by +2a1A9) R+
+ (4a2R. + 2 R. + a2 Ao® — CoAg +2a1R. + C1 + b1 Ao”) R*+
+ (2b1AgR. — 3azAogs — bigs + 3a2 Ay’ R, — CoR.) R*+ (3.3)
+ (bogs + a1Aogs — a2R.g2 — 3a2Aogs — bigs) R—

—a2R.g93 —2R.g3 +a1R.g93 =0

From the last equation we get relations for constants

a1 =—1—2as, Cp=3as40>+2b149, go=0 (3.4)
1 2
=—1, Ag=-bp+=b 3.5
as ) 0= 5 o + 501 (3.5)
[ 4 2, 4 .3 2 .3
_ _ _ 2 — 3.6
Ch 195 bo“b1 125 bob1” + 125 b1 195 bo”, b1 3 bo (3.6)

Taking these constants into account we have equation in the form

Yor + yY= — U + boyz — 3boy® — 3bo’y — bp® =0 (3.7)

Solution of this equation is expressed by the formula

R,

y(E) = o+ (3.5
At by = 0 from ([B) we have equation that was found by P. Painleve [24].
Third order ODFEs. The general case of the third order ODEs with exact

solutions ([Bl) takes the form

A0Y 2z + Q1YY 2z + a2y + azy® + boYas + biyy. + bay+
(3.9)
+doy + diy® — Coy + C1 =0

Assuming A; = 1 without loss of the generality and substituting (Bl into
B3) we have coefficients in the form

1 1 1
bz = —§a1A0 - §b1 - 51)0 - 4a3A0 (310)



3 3 3
CQ = —§b1A02 + 2d1A0 - 80,31403 - 51403@1 - §A02b0

bl = 0, bo = —ale

. 1 3 1
a3 = 46L2 46L0 26L1

1 3 9
_ __A2 __A2 _ A2
dy 2d0 5A0"az — S Ao a 3Ap a1
01 = —4g2a2 — 6&092 — 2&192—
1,4 3 4 L4 1,9
4A0 as 4A0 ao 2A0 ay 2A0 do

_1 —6a19s + 18 apgs + gado dy = Cl()_g%

CLQ = =
6 g3 g3
o — ao (923 + 108 932)
L 2443
We also have two relations for constants g3
1
g3 = £ g2*/?

6

As a result we have the following equations
Yooz + (Gy -6 AO) Yzz — Syz2 - 33/4 + 12 A0y3+
+ (—18 Ao® F3/g2) y* + (£6 Agy/g2 + 12 Ag®) yF

F3A0°\/g2 — 3 Ay  £6/2y. +692 =0

with exact solutions

R,
y(2)=A0+§

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



Fourth order ODEs. Now let us find nonlinear fourth order ODEs with exact
solutions of the first degree singularity. We have the following nonlinear fourth
order ODE of the general form

A0Y 22z + Q1YY anz + Q20 Yor + a3yPy. + asy® + asyy.? + acy.ya.+
+b0Y 2z + 1YYz + b2y:? + b3yt + doy. + diyys + doy®+ (3.21)
+hoy. + h1y2 —Coy+C1 =0

Assuming go = m? and substituting (B at Ag = 0 and A; = 1 into (FZ]))
we have coefficients in the form

CLGZ—6&0—3@1—4@4—2@2—2@3—@5 (322)
1 1
do = —=dy — =d 3.23
2 541~ 5% ( )
Co = —4agm? — 8aym? + 2 asm? (3.24)
1m2d
a5=a2—a3—3a1——m ! (325)
6 g3
3 3 3 1 3 dogg 3 d1g3 1 d1m2
=—— —a; — — - — - - — 3.26
=50t o gt atst oy T I T g (3:26)
d 1 dim? d
a3 = —628 4 — T 30 1540+ 628 _9g, (3.27)
mt 12 g3 m4
1 dim? d d
as = —5ag+2a1 + — o 3 093 +3 193 (3.28)
36 g3 m4 m4
3 1 1 1
= —Zphy— by — = = —— 3.29
b3 450 4b2 2b1, hy 2h0 (3.29)
Cy = —6bym? — 4bym? (3.30)
1 h0m2
bo =b; —3by — = (3.31)
6 g3



b0m4

ho =
gs
b 1 hogs 1 hom?
716 m* 36 g;
1
g5 = igmg

As a result we have equation in the form at g3 =

1 dy
2m

1
0Yzzzz + 6 (6a1y + b1)yzzz + (10@0 —a;+=-— — =

2d;  1do

+(d0+b1y)y22—|—<2a1————|——E—5a0

3m 2

1
Gm

1
6

3

dq

m

> YzYzz +

1. 5 N\, (1, 1.\ 1.
(4bz+851)y <2d1+2d0>y +2blmy+

1 y3d
+ (dly —5y%a0 —yar — = L2 —pym
6 m

=

— (md1 + 12 m2a0 — Smdo) y— 4bom? —m?b; =0

with exact solution in the form

Where R(z) is the solution of equation in the form

R§—4R3+m2R+ém3:0

(3.32)

(3.33)

(3.34)

(3.35)

(3.36)

(3.37)

Solution of the equation ([B33) is expressed via the Weierstrass function and
has the first degree singularity. At the present we do not know any application

of equation B3H).



4 Nonlinear ODEs with exact solutions of the
second degree singularity

Let us find nonlinear ODEs with exact solutions of the second degree singularity
expressed via the Weierstrass function

R.
y(z) = Ao+ A + AR (4.1)

We do not consider the second order nonlinear ODEs with exact solutions
(ET) because this equation is the exactly solvable equation. We start to find the
third order nonlinear ODEs with exact solutions of the second degree singularity
expressed via the Weierstrass function.

Third order ODFEs. Let us write the general form of the nonlinear third
ODEs with solution of the second order singularity. It takes form

0Yzzz + 1YY + boyzz + b1y2 + dOyZ - Coy + C'1 =0 (42)

Substituting [EJ]) into equation () we obtain the following parameters

C
a; = —12 ap, do =12 avo, b1 = ﬁ (43)

Co
Al = Ag= —— 4.4
1 =0, 0 120o (4.4)
002 + 24C4 by
= -——— 4.5
As a result we have equation in the form
aoCo 2 B
AO0Yzzz — 12a0yyz + bOyzz - b—oyz - 6b0y - Coy + Cl =0 (46)
with exact solutions
Co
_ 4.
¥() =~ + R () (47)

Equation ([H) can be found from the enough popular nonlinear evolution
equation

Ut + )\1U/U/m + )\2 (U’U'r)z + )\BU/rr + A4urrr + )\5urrrr =0 (48)

Nonlinear evolution equation (L) was used at the description of nonlinear
wave processes and studied in works [25]26,27,28]. Exact solutions of this
equation were obtained in works [29.30]. They also rediscovered later.



Fourth order ODFEs. Now let us find the nonlinear fourth order ODEs with
exact solutions of the second degree singularity expressed via the Weierstrass
function. The general case of this nonlinear ODE can be presented in the form

A0Y 222z + 1YY 22 + a2y22 + a3y3 + boyzzz + blyyz+

+doy + diy? + hoy. — g2Coy + C1 =0

(4.9)

We assume that exact solutions of equation () can be found by the formula

@D).

Without loss of generality let us assume in @) Ap = 0 and Ay = 1. We

obtain the following values parameters for equation ()

by =—12by, ho=0, A1 =0

a3 = —120a9g —6a; —4as, d; =—6dyp
1

ag = —18&0 — 5&1 — C()

1 1
Ci = 5 doga — 59301 — 6 aogs — g3Co

We get nonlinear ODEs in the form
1 2
A0Yzzzz + bOyzzz + (aly + dO) Yoz — 18 ap + 5 a1 + CO Yz —
—12boyy, + (4Co — 48ap — 4 aq) Y — 6doy® — g2Coy+

1 1
+§ doga — 59301 — 6aogz —g3Co =0

Exact solutions of equation (I is found by the formula

y(2) = R(2)

Assuming ag =1, bg = 0, dy = 0 in ([I4) we have equation

1
Yzzzz T O1YYzz — <18 + 5 a1 + CO) yz2+

1
+4(Co — 12 — a1) y* — g2Coy — 6 g3 — 5 9301 — 93Co =0

10

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)



One can note that the last equation has two parameters in leading members.
However let us show that this equation contains a lot of important nonlinear
integrable and nonintegrable differential equations.

Assuming a; = —30, Cp = —3 and y(z) — —y(z) in equation [EIH) we have
equation in the form

Equation ([T7) is exactly solvable equation. This equation can be obtained
by the travelling wave ([[C2) from the Caudrey — Dodd — Gibbon equation [31

B2,34)

ug + a% (Uszze + 30Utlyy + 60u) = 0 (4.18)
Equation ([EIX) is integrable equation by the inverse scattering transform.
However we can see that this equation is found in our class of nonlinear differ-
ential equations.
Assuming a; = —20, Cp = 2 and y(z) — —y(z) in equation EIG) we have
equation in the form

Yoz + 209y + 10" +40y° — 2oy — 293 =0 (4.19)

Using the travelling wave we can see that equation (EZTJ) is obtained from
the Korteveg - de Vries equation of the fifth order [32[34]

ug + a% (Uazaz + 200ty + 10u 4+ 40u®) =0 (4.20)
We have obtained that special solutions of the fifth order Korteveg - de Vries
equation can be found by the formula ETH).
Assuming a; = —15, Cy = 2 and y(z) — —2y(z) in D) we have equation
with exact solution [TH) in the form

20 ,

15 3 9
ZZ2Z ]- zz a 2 5 I - = == 421
Yoz +10yyse + 4z + 4" — 702y — 293 =0 (4.21)

Equation @ZI) is exactly solvable equation too. Using the travelling wave
this one can be obtained from the Kaup - Kupershmidt equation [32,33,34)

0 15 20
U + E (umm + 10uuy, + 7“?0 + §u3) =0 (4.22)

Assuming a; = —15, Cp = 3 and y(z) — —y(z) in ([EIH) we have equation

45 3 3
Yzzzz — 15 YY2z + Z yz2 +15 y3 - Z g2y — Z gs = 0 (423)

11



Equation ([23)) is also exactly solvable equation [35]. This one has exact
solution [ETH) as well. This equation can be found from the Schwarz — Kaup-
Kuperschmidt equation of the fifth order, that is the singular manifold equa-
tion for the Kaup — Kuperschmidt equation. The Cauchy problems for these
equations can be solved by inverse scattering transform.

Assuming a1 = —12, Cyp = 0 and y(z) — —y(z) in [@IH) we have equation

Equation ([ZZ7) is exactly solvable equation again [35]. The general solution
of this equation is expressed via the first Painleve transcendent. However this
equation has special solution expressed by the formula EIH) as well.

We have interesting result that is a number of exactly solvable equations are
found in our class of differential equations. Much more than that these nonlinear
ODEs have the similar special solutions expressed by the formula EIH) via the
Weierstrass function. We are going to use this observation in future work to
look for exactly solvable nonlinear ODEs of higher order.

Assuming a1 = 0 and Cy = —18ay in [EI) we have equation

A0Y 222z + bOyzzz + dOyzz —12 bOyyz —120 ygao—

(4.25)

—6 d0y2 + 18 gaapy +C1 =0

At bg = 0 we have nonlinear ODEs
A0Y 222z + doyzz - 120@0 93 -6 d0y2 + 48 ga200Y + Cl =0 (426)

Last equation corresponds to the nonlinear evolution equation that is used
at the description of the nonlinear dispersive waves [36,87, 38,39

We have equation 20) if we look for exact solution of equation [217) in
the form of the travelling wave ([C2)).
In the case dy = 0 from [ZH) we obtain the nonlinear ODEs in the form

A0Yzzzz — 120&0 Z/3 + 4SCLO 92y + Cl =0 (428)

Equation Z8) are used at the description of nonlinear dispersive waves
as well. Corresponding nonlinear evolution equation can be met at the the
description of the nonlinear waves and takes the form [H0,4T]

Exact solutions of equations ({225), E2H) and [E2]) are found by the formula
EI5).

12



5 Nonlinear ODEs with the third degree singu-
larity solution
In this section we are going to find nonlinear ODEs that have exact solutions

of the third degree singularity and are expressed via the Weierstrass function.
These solutions can be presented by the formula

R,

y(z) = AO"'Alf + AR+ AsR, (5.1)

We can not suggest any nonlinear ODEs of the second order with exact
solutions ([&]) because we can not have the polynomial class of this equation.
Let us start to consider the third nonlinear ODE.

Third order ODE. We have the general case of the nonlinear third order
ODE in the form
0Yzzz + CL1y2 + boyzz + dOyz - COy + Cl =0 (52)

Assuming A3 = 1 and g2 = % we have following relations for the parameters

boAl C() a1A0

do = —2a1A1 +6—— 4+ — —2 5.3
R PR M (5:3)
1

A =0, byg=—apAz — galAQ (5.4)

a; = —-30 ap, C() = —AQay (60 A() - AQB) (55)
We obtain four values for constant As

AP = 4n, APY = tin (5.6)

and four values for constant C4

o = _;‘_Z (43293 + T20AZ T 24A¢n® — 5n°) (5.7)

O = i1 (432igs + T20iA3 F 24A0n” + 5in) (5.8)
We have four nonlinear ODEs

A0Yzzz — 30@092 + 4a0nyzz + a0n2yzia0n3y + 60a0140y + Cl =0 (59)

a0Yzzz — 30apy? + diagny.. — aon*y. Fiaon>y + 60agAoy + C1 = 0 (5.10)

13



with exact solutions

y(z)=ApotnR+ R, (5.11)

y(z)=AptinR+ R, (5.12)

Equation (&) can be found from nonlinear evolution equation

U + qutly + By + Ylgrr + OUgper = 0 (5.13)

This is the Kuramoto — Sivashinsky equation E2E3E4]. Equation &I3)
is used at the description of turbulence processes [A4 A5 HA6]. Solution of this
equation was found in works [10,[T2, 14} [T5)].

From equation (&8) and (EI0) one can see there is the special solution of
equation (I3 at 8 = 0 and vy = 0. This equation reminds the Burgers equation
and takes the form

U + oty + OUgppe = 0 (5.14)

Exact solutions of equation (14 is found by the formula

y(2) =40+ R. (5.15)

if we look for solution of equation (BI4) in the form of the travelling wave. This
equation takes the form

C2 + 216062
5yzzzz + %y2 - Coy + % =0 (516)

There is the rational solution of equation (BIH) in the form

Co 1206

y(2) = o + alz =P (5.17)

In this case equation (BI0) can be written in the simple form

2

C,
X2 Coy+ 20 =0 (5.18)

6 ZZZZ
D) 20

We found nonlinear ODEs that correspond to the Kuramoto - Sivashinsky
equation. These equations are very popular at the description of the turbulence
processes.

Fourth order ODEs. Let us find the nonlinear ODEs of fourth order with
exact solutions (&1l). We can use the following general form of the fourth order

A0Y 2222 + 1YY + boyzzz + b1y2 + doyzz + hOyz - QQCOy + C'1 =0 (519)

14



Assuming Ay = —60 and substituting (&) at go = 6A3 into equation (EI)
we obtain at A; = 0 relations for the parameters

ap = agp (5.20)
do = — 21 Ag + — by As + —— g As? (5.21)
0 — 6 1412 60 0412 720 0412 .
ho = 4320 agAs> — 360 A52Cy (5.22)
by = Sby+ L agA (5.23)
1 — 2 0 3()@0 2 .
1
bo = i Ay (186623999 ag — 15552000 Cq) (5.24)
Co = 12a9 (5.25)
C1 = —18a Azg + L A27a (526)
0 3 240 0

Taking these values for the parameters into account we have nonlinear ODE
in the form

1 1 1
A0Y 2222 — E A2a0yzzz + === a0A22yzz + aoYY> — 7517 CL0142y2_

720 120
(5.27)
—72 Astagy — 18 agAag —I—LA Tap =0
270 04293 + 55 A2 do
Equation (&21)) can be found from the nonlinear evolution equation
if we look for exact solution in the form of the travelling wave (C2).
Solution of this equation is expressed by the formula
y(z) = A2R—60 R, (5.29)

At Ay = 0 from (21) we obtain the nonlinear ODE that corresponds to the
partial case (BIdl) of the Kuramoto - Sivashinsky equation again.

15



6 Nonlinear ODEs with exact solutions of the
fourth order singularity

Let us find nonlinear ordinary differential equations which have exact solutions
of the fourth order singularity. These solutions can be presented by the formula

AR,

y(2) = Ao+ + AsR + AsR. + A4R? (6.1)

where R(z) satisfies the Weierstrass elliptic equation again.

We can not suggest nonlinear ODEs of the second and third order of the
polynomial form with solution ([EII). However we can consider the nonlinear
fourth order ODE that takes the form.

A0Yzzzz + aly2 + dOyzz + hOyz - gQC()y + Cl = 0 (62)
For calculations it is convenient to use A1 =0, A3 =0 and A4 = —180.
y(2) = Ag + AsR — 180 R? (6.3)

Substituting ([GJJ) into equation (G2) we have

14 13
ho = 0, a; = ? aop, do = —% CL()AQ (64)

3 QQCQ 31 2
Ay = — 2 4241 6.5
0= 98 g 2520072 T1892 (6.5)

1
- A, (3145222 6.6
95 = ~ 53300000 2 (3142 6800 9>) (6.6)
I L _&GAAL_FEM_
1= 7300 Y02 927 136080000 “°°? T 56 ag
(6.7)
—1242 agge® + 168 agAsgs
In this case we get equation
14 , 13 127 )
2222 . S A zz C T oAn A -
agy + 3 aopy 30 agAay g2Coy 300 agA2”g2
(6.8)
961 3 g2%2C)*
. P — 1242 2 4+ 168agAsg5 =0
136030000 2 T 56 ag d0g2" + 108 a0 4293

16



with exact solution

y(2) = Ag + AR — 180 R? (6.9)

Equation (E8) corresponds to the nonlinear evolution equation [36,B7,ET]

Exact solutions of equation (EF) were found before in works [I0,[T3] and
rediscovered in a number of papers later.
At Ay = 0 from ([EF) we have nonlinear ODE in the form

14 3 922C?
A0Yzzzz + — aoy? — g2Coy — 1242 aggo? + — 20

= 6.11
3 56 an 0 ( )

This equation can be found from the nonlinear evolution equation [37,ET]

U + Uy + O Ugggpe = 0 (6.12)

if we look for exact solutions of this nonlinear evolution equation in the form
of the travelling wave. Special solution of equations (BI1) and EI2) are found
by the formula () at Ay = 0.

7 Nonlinear ODE with exact solution of the fifth
degree singularity

We have not got any possibility to suggest any nonlinear differential equation of
the polynomial class of the second, third and fourth order with exact solution
of the fifth degree singularity. We can look for such type of nonlinear fifth order
ODE.

Assume we want to have nonlinear ODE with exact solution of the fifth
degree singularity

AR,

y(z) = Ao+ + A2R + AsR. + A4R® + AsRR, (7.1)

Simplest case of the nonlinearity for this solution takes the form y? and we
can see that () give singularity of the tenth degree. General case of equation
takes the form

EYzzzzz + YYzzzz + 5yzzz + XYzz + ﬁyz + 042/2 - OOy + Cl = 0 (72)

This equation can be found from the nonlinear evolution equation [I847]

17



if we search exact solutions in the form of the travelling wave ([C2).
Consider the simplest case of equation [Z3) taking vy =0, x =0 and o = %
into account. In this case from ([ZJ) we get equation

1
€ Yzzzzz + 5yzzz + 62/,2 + 5 y2 - Ooy + Cl =0 (74)

Let us find exact solutions of the nonlinear ODE ([Cdl). At 4; = 0, As =
0, A4 = 0 we have relations for constants

1260

10 62
_ 0o 7.6
s 121 ¢ (7.6)
) 168 1 62 1 6%V/21
gs = — 092 _ O = (7.7)

660 ¢ 574992 &3’ 1452 &2 + 5082 g2

_ 10804 o7 2404 2 7.8
@ 161051 =% 161051 = 20 (7.8)

Substituting ([ZH) and [ZF) into equation () we obtain nonlinear ODE in
the form

10 62y, 1
22222 5 2zz To1 = —y? —
ey +dy +121 - +2y Coy+
(7.9)
1.2 10854 f _ 2484 §°4/21 —0
270 161051 &3 161051 &3
with exact solution
1260
Where R(z) satisfies the Weierstrass elliptic equation
1 42 1 V21 76 18
R AR+ > - 22 0 (7.11)
1452 €2 5082 2 660 € 574992 €3
Equation ([[L3) is found from the nonlinear evolution equation
g + utty + Bz + OUgrzs + Elzzzrzs = 0 (7.12)
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In the case § = 0 we obtain 8 = 0 and have the rational solution of equation
([CTA). This solution takes the form

30240e

y(z) = Co+ [CFE (7.13)
Equation ([[C3) in this case takes the form
Lo Lo
€ Yzzzzz + 52/ - Ooy + 500 =0 (714)

Last years equation ([LT2) is used at description of extensive model model
chaos [A8A9ED]. We hope that exact solution [ZI0) will be useful at the study
of the turbulence processes where equation [CI2) is applied.

Rational solutions (ET) and ([ZI3) of equations (EI8) and (ZId) suggest

us how one can find rational solutions of the generalized differential equations

1y,

R (7.15)

U + QUUg + EUpt1,e =0, Upjp1e =

Using the travelling wave ZII) we have from ([ZIH) the nonlinear ODE in
the form

d"y

o
dx™

: (7.16)

1
EYn,z + y2 - OOy + 5002 = 07 Yn,x

Rational solutions of ([ZIH) takes the form

_Co 2=V (@2n-1)e
y(e) = e + a(n—D(z+ 2" (7.17)

Here zg is a arbitrary constant. Exact solution (ZI7) can be useful at nu-
merical simulation of the nonlinear problems where equations ([ZIH) and ([Z14)
are used.
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8 Conclusion

Let us emphasize in brief the results of this work. We noted that a lot of non-
linear differential equations have exact solutions expressed via the Weierstrass
function.

This observation provided the idea to find nonlinear differential equations
with special solutions expressed via the Weierstrass function. We formulated
new problem and found the polynomial class of nonlinear differential equations
of the second, third and fourth order which have exact solutions expressed via
the Weierstrass function. Exact solutions of these equations have different sin-
gularities and are expressed via general solutions of the Weierstrass elliptic equa-
tion.

We also list a number of nonlinear ODEs with exact solutions. These equa-
tions are found from the widely used nonlinear evolution equations taking the
travelling wave into account.
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